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Abstract

We consider a large overlay network where any two nodes can communicate directly via the under-
lying Internet as long as the sender knows the recipient’s ip-address. Due to the scalability requirement,
the overlay network must be sparse: a given node can store at most a polylogarithmic number of ip-
addresses. A notion of distance (locality) in the network is given by node-to-node round-trip times. We
assume that initially the overlay links are random, and hence have no explicit locality-aware properties.

We provide fast distributed constructions for various locality-aware (low-stretch) distributed data
structures, such as: distance labeling schemes, name-independent routing schemes, and multicast trees.
In previous work, such data structures have only been constructed via centralized algorithms. Our con-
structions complete in poly-logarithmic time (and thus induce at most a poly-logarithmic load on every
given node), and achieve quality guarantees similar to those of the corresponding centralized algorithms.

Our algorithms use a common locality-aware, small-world-like overlay framework, constructed via
concurrent random walks. Our guarantees are for growth-constrained metrics, a well-studied family of
metrics which have been proposed as a reasonable abstraction of round-trip times in the Internet.
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1 Introduction

We consider a large overlay network where any two nodes can communicate directly via the underlying
Internet as long as the sender knows the recipient’s ip-address. A desirable property for such network is
locality-awareness: if a given goal needs some communication between the nodes, it is desirable to make
this communication as local as possible. This improves the latency experienced by a given user, and also
reduces congestion in the underlying Internet. Let us give several concrete examples:

• to download a file replicated on multiple nodes, one would like to use the nearest replica.

• if a task (e.g. looking up a name via a DHT) involves traversing several overlay links, one would like
to avoid traversing manylong links.

• if a multicast reaches a cluster of nodes located near one another, we would like this multicast to reach
only one (or a few) nodes in this cluster from outside, and then spread further inside the cluster.

A natural notion of locality in the Internet is given by node-to-node round-trip times (latencies). An
active line of research in the networking community studies the distance matrix defined by the node-to-
node latencies1 and, in particular, provides a number of empirically successful distributed approaches that
reconstruct these distances from a sparse set of observations (e.g. see [15, 20, 11, 26, 9]). The main goal
in this line of work is to improve the performance of overlay networks by making them more locality-
aware. A parallel line of more theoretically inclined research addresses the same concerns via defining
specific distributed data structures that contribute to locality-awareness, such as approximate distance labels
and low-stretch name-independent routing schemes, and proving that such data structures exist and can be
constructed in polynomial time (more details on this can be found below).

In this paper we focus on provable guarantees for very large locality-aware overlay networks. For such
networks polynomial-time constructions are no longer feasible. Moreover, it is feasible to measure distances
among only a linear or near-linear number of node pairs, and it isnot even feasible to aggregate this sparse
set of measurements at any one node. We formulate our scalability requirement as follows:

• a distributed algorithm isscalableif it completes in time poly-logarithmic in the number of nodes,

and hence induces at most a poly-logarithmic load on every given node.
Our goal is to provide fast distributed constructions for several locality-aware primitives. Our main

contributions concern approximate distance labeling, low-stretch name-independent routing, and locality-
aware multicast trees. Our algorithms use a common locality-aware, small-world-like overlay framework,
constructed via concurrent random walks. We also apply this framework fork-closest node discovery and
for counting nodes within a given radius. Later in this section we describe these contributions in more detail.

Our setting. We consider a distributed setting motivated by peer-to-peer networks. We assume that any
two nodes can communicate directly (via the underlying Internet), i.e. we assume a complete communication
graph. In order to send, the sender must know the recipient’s ip-address. For the purposes of this paper, an
ip-address is just an abtract node ID that cannot be guessed and reveals no information about the node
location. For simplicity, we assume that initially each node is assigned a unique random ip-address in (say)
a (2 logn)-bit space.2 The ip-addresses can either be given in advance, or passed from one node to another.
An ip-address of nodev stored at nodeu constitutes alink from u to v.

1For Internet latencies the triangle inequality is not always observed; however, recent networking research indicates that severe
triangle inequality violations are not widespread enough so that the node-to-node latencies can be usefully modeled by metrics.

2Note that it is prohibitively expensive to find a valid address by random probing.
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We model latencies as an underlying distance functiondM such that any two nodesu, v can measure
dM(u, v) by pinging, i.e. exchanging a constant number of packets. We assume thatdM is a metric, i.e.
satisfies the triangle inequality. For simplicity, we separate this distance function from the running times as
follows: we assume that transmitting a unit-size packet takesO(1) time, regardless of the destination. In
particular, any two nodes can measure the distance between them inO(1) time.

Each node is a sequential processor. Nodes exchange data packets which do not get dropped by the
underlying Internet. Each packet has unit size; it takes a unit time to send or receive a packet. To abstract
away the underlying communication layer, we assume that a packet transmission induces load only on the
sender and the receiver, but not on any other node in the network. In other words, we donot account for
load on the internals of the Internet.

We assume that we start with an existing (non-locality-aware) overlay network that has low degree and
high expansion, which happens e.g. if each node has a few out-links to nodes selected independently at
random in the network. This is a very desirable property for an efficient overlay network regardless of
the locality-awareness issue. The construction and maintenance of such overlay networks is an important
problem that has been addressed in various papers, e.g. [27, 24, 18, 34]. We view this issue as external to
this paper, and instead focus on providing locality-awareness.

Our guarantees are forgrowth-constrained metrics, a well-studied family of metrics where doubling the
radius of any ball increases its cardinality by at most a constant factor. Quantitatively, we define thegrid
dimensionof a metric is the infimum of allα such that for anyx ≥ 2 the cardinality of any ball is at most
xα times smaller than the cardinality of a ball with the same center andx times the radius. This abstracts
a useful property ofd-dimensional grids (withα = d + O(1)). Thengrowth-constrained metricscan be
defined as metrics of bounded grid dimension. By definition, growth-constrained metrics can be seen as
generalized grids; they have been used as a reasonable abstraction of Internet latencies in the long line of
work on DHTs started by Plaxton et al. [28] (see the intro of [16] for a short survey). Growth-constrained
metrics have also been considered in the theoretical computer science literature in the context of compact
data structures [17], routing schemes [5, 4], small-world networks [10] and dimensionality in graphs [22].

Approximate distance labeling. In adistance labeling scheme(DLS) [14] one assigns a short label to each
node in a graph or a metric so that the distance between any two nodes can be (approximately) determined
from their labels alone. ADLS is called(1 + δ)-approximateif the distance estimates are within a multi-
plicative factor1 + δ from their respective true values. In a trivialDLS, the label of nodeu would encode
the distances to all other nodes exactly, taking upO(n log∆) bits, where∆ is the diameter of the metric.3

The work onDLS has been concerned with the trade-off between the approximation ratio and the maximal
label size, see [13] for a survey. In particular, for an arbitrary metric and any odd integerk there exists a
k-approximateDLS with nO(1/k)(log∆)-bit labels, with a nearly matching lower bound [33, 12]. Major im-
provements are possible fordoubling metrics, a common generalization of growth-constrained metrics and
constant-dimensional Euclidean metrics. For instance, for anyδ ∈ (0, 1

2) there exists a(1 + δ)-approximate
DLS with labels of at mostδ−O(1)(log∆) bits, with a complimentary lower bound ofδ−O(1) bits [32]. Both
the objective and the techniques in this line of research differ considerably from our work here: the concern
is with labels of low bit complexity, but the encoding of distances into short labels takes polynomial time
and, in particular, makes extensive use of the full distance matrix.

OUR CONTRIBUTION: we provide a scalable distributed algorithm which for anyδ ∈ (0, 1
2) w.h.p. con-

structs a(1 + δ)-approximateDLS with labels of at mostδ−O(α)(logn) bits, whereα is the grid dimension.

3Assuming, without loss of generality, that the smallest distance in the metric is 1.
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Low-stretch name-independent routing. In a name-independent routing scheme[6, 7], each node is
adversarially assigned an id (different from its ip-address), every node stores a pre-computedrouting table,
and there is a distributed algorithm that provides routing of packets from any node to any other node given
the target id. Thestretchof a routing scheme is defined as the maximal stretch of any routing path. (The
stretch of a path fromu to v is the ratio between the length of the path and the true distance fromu to v.)
The goal is for a given stretch to reduce the maximal amount of routing information stored at a given node.

Recall that we consider a setting with a complete communication graph. For arbitrary metrics, one
can achieve stretchO(k) with Õ(n1/k logO(1) n)-bit storage [2], and stretch 3 with̃O(

√
n)-bit storage [3].

Stretch below3 is not possible witho(n) storage even for doubling metrics [1]. For growth-constrained
metrics, one can achieve stretch1 + δ with poly-logarithmic storage [5, 4]. All these constructions take
polynomial time and use the full distance matrix. (Toconstructa routing scheme means to construct the
routing tables and specify the routing algorithm.)

OUR CONTRIBUTION: we provide a scalable distributed algorithm which for anyδ ∈ (0, 1
2) w.h.p.

constructs a(1+δ)-stretch name-independent routing scheme (with a complete communication graph) with
routing tables of at most(δ−α logn)O(1) bits, whereα is the grid dimension. This routing scheme is a very
simple version of the (more general and more storage-efficient) constructions from [5, 4]; this simplification
may be of independent interest.

Locality-aware multicast trees. A multicast treeT is a directed tree rooted at some nodes which is used
to disseminate information froms to nodes inT in a fast and load-balanced fashion whereby each node
receives information from its parent inT , and forwards it to its children. Accordingly, a multicast tree
should have low degree (for load-balancing) and low depth (for speed). Several papers in the networking
literature advocate for locality-aware multicast trees (e.g. [21, 8, 36]). While there is no concensus on what
exactly locality-awareness means with respect to a multicast tree, we propose a simple notion of low stretch:
thestretchof a multicast tree is defined as the maximal stretch of any path from the root.

OUR CONTRIBUTION: we provide a scalable distributed algorithm which for anyδ ∈ (0, 1
2) constructs a

(1+δ)-stretch multicast tree of depthO(logn) and degreeδ−O(α)(log2 n). We also construct abinarymul-
ticast tree with similar depth and a slightly worse bound on stretch: stretch is1 + δ for all but (1

δ logn)O(α)

nodes closest to the root. To the best of our knowledge, the corresponding existence results have not ap-
peared in the literature. We mention in passing that the first existence result extends to doubling metrics.

Common locality-aware framework. Our algorithms use a common locality-aware, small-world-like
overlay framework calledrings of neighbors. In this framework, for eachi ∈ [log∆] each nodeu has links
to a (small) number of other nodes chosen independently at random in the ball of radius∆/2i aroundu.
These nodes are called thei-th ring neighborsof nodeu. The resulting overlay network has the following
useful property: for any two nodesu, v, nodeu has a link(u, w) such thatw is much closer tov than tou.

We construct rings of neighbors via concurrent random walks. The ring-i neighbors provide a graph on
which every node runs several independent instances of a random walk such that each instance selects a new
ring-(i+1) neighbor of this node. The crux is to define random walks so as to guarantee (i) fast convergence
to the desired distributions, and (ii) load-balancing. For every given node, a large portion of its load here
comes fromothernodes’ random walks, so, essentially, we need to guarantee that no node is overloaded by
helping others.

A similar framework underlies a system for locality-aware node selection presented in [35]. In [35],
the rings of neighbors are constructed via a very different algorithm (which comes without any provable
guarantees), and applied to a different set of problems. Our work here provides further evidence for the
usefulness of the rings-of-neighbors framework.
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Other results and techniques. We use the above framework to obtain two other results that are of inde-
pendent interest. Firstly, once the rings of neighbors are constructed, every node can, without any further
communication, estimate the number of nodes within a given radius. Secondly, with some further work one
obtains a scalable distributed algorithm fork-closest node discovery, whereby every node discovers (learns
the addresses of) itsk closest nodes.

Our results on distance labeling, routing and multicast use three layers of common functionality. The
first layer is the overlay framework described above. The second layer is alow-stretch broadcastwhich
spreads on this overlay via low-stretch paths to all nodes within a given radius from the source, and induces
no load on nodes that are far from the source. The latter property is crucial for bounding the running time
in our constructions. The third layer consists of two algorithms: hierarchical beacon selection andk-closest
node discovery. Inhierarchical beacon selection, for eachi ∈ [log∆] we use rings of neighbors to select
a set of beacons which is sufficiently sparse on the space of2i, and yet sufficiently dense on the scale of
δ 2i. Moreover, we use low-stretch broadcast to ensure that every node receives a low-stretch estimate on
distance to every nearby beacon. In thek-closest node discoveryevery node runs distinct instances of the
low-stretch broadcast and discovers itsk closest nodes.

Related work. First, much stronger versions of rings of neighbors are used in [30] as an underlying data
structure for several node labeling problems on doubling metrics. There, like in most other prior work, the
focus is on existence results, and the constructions take polynomial time and use the full distance matrix.

Second, some scalable constructions for distance labeling have been studied in [19]. They consider
doubling metrics and obtain significantly weaker guarantees whereby a constant fraction of node pairs may
suffer an arbitrarily large stretch. The present setting allows for a much more elegant treatment.

Third, our distance labeling scheme conforms to a stronger model oftriangulation[19, 30] where a label
of every nodeu consists of distance estimates to each node in abeacon setSu. Then for any two nodesu, v
one can use triangle inequality on triples(u, v, b), b ∈ Su ∩Sv to obtain upper and lower bounds on the true
distance betweenu andv. We obtain a(1 + δ)-approximatetriangulation where these bounds are within a
factor1 + δ from one another and hence provide aquality certificatefor the distance estimate.

Fourth, let us mention two other variants of the low-stretch routing problem that have been popular in
the literature. The first islabeled routing, where the node ids are assigned not by an adversary but by the
routing scheme. This version allows for much nicer stretch-storage tradeoffs (see [30] for a brief summary
of results), but is not applicable to our setting. Indeed, if we assign node ids, then we can put the ip-address
into the node id, which makes the routing trivial. The second variant isrouting on graphs, where we are
only allowed to route along the links of a given graph. Accordingly, the version considered in this paper
is known asrouting on a complete weighted graph, or also asrouting on a metric. Routing on graphs can
be cast in both name-independent and labeled models. Although routing on graphs is technically a more
restricted setting than routing on metrics, the results tend to be similar.

Fifth, we mention two recent papers [23, 10] that share our focus on distributed construction (with
provable guarantees) of an extra layer of network functionality which is used to solve further distributed
problems. However, the setting and the specific problems that they solve are very different from ours. In
particular, the network decomposition constructed in [23] is trivial for a complete communication graph,
and the algorithm in [10] adds long-range links to a local communication graph (in order to turn it into
a navigable small-world network) whereas we start with a ”good” global graph of long-range links and
augment it with local links on progressively finer scales.

Map of the paper. Section 2 gives preliminaries and background. Section 3 develops the rings-of-
neighbors framework and applies it to counting nodes within a given radius. In Section 4 we prove the
central technical result: construction of the rings of neighbors. Section 5 describes the low-stretch broadcast
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and applies it to thek-closest node discovery. Section 6 manipulates the hierarchically selected beacons and
derives the distance labeling result. In Section 7 we consider low-stretch multicast trees, Section 8 is on
name-independent routing, and in Section 9 we conclude.

2 Preliminaries.

The load on a given node includes computation, storage, and communication. For simplicity we define it
as a sum of CPU load, storage size, and the number of bits sent and received. We use the big-O notation,
so the choice of units does not matter. The (per-node) load of an algorithm is the maximal load on a node.
If the algorithm starts at time0, and terminates at timeτu on every given nodeu, then therunning timeis
defined asmax τu. Recall that nodes exchange unit-size packets which are sent and received in unit time.
Furthermore, we assume that each packet is delivered to destination in constant time.

Let [x] := {0, 1, . . . , dxe − 1}. Denote the underlying metric bydM. For balls indM use the notation
Bu(r) := {v ∈ V : dM(u, v) ≤ r}. Assume thatdM has minimal distance is 1 and let∆ be the diameter.

We use the grid dimension via a simple corollary:

Lemma 2.1. SupposedM is a metric with grid dimensionα. Fix any two nodesu, v and letd = dM(u, v).
Then for any positiver, r∗ such thatd+r

r∗ ≥ 2 we have|Bu(r)| ≤ (d+r
r∗ )α|Bv(r∗)|.

It is easy to see thatn ≤ ∆α. For a givenn andα the diameter can be arbitrarily large: e.g. consider a
three-node metric induced by the subset{0, 1, ∆} of a real line.

Say a set of nodessupportsa metricdM if any two nodesu, v in this set can measuredM(u, v) at a unit
cost once they communicate (intuitively, any suchdM is a notion of distance between the nodes).

Our constructions are highly randomized, and our guarantees arewith high probability, which in this
paper means that the failure probability is at most1/nc, for a sufficiently high constantc.

2.1 Background: expanders and Probability

Let us introduce some background on expander graphs and probability that will be used throughout this
paper. For more details see e.g. the textbook of Motwani and Raghavan [25].

We use Chernoff Bounds, a standard result which says that the sum of bounded independent random
variables is close to its expectation with high probability.

Theorem 2.2 (Chernoff Bounds).Consider the sumX of n independent random variablesXi ∈ [0, y].

(a) for anyµ ≤ E(X) and anyε ∈ (0, 1) we havePr[X < (1 − ε)µ] ≤ exp(−ε2µ/2y).

(b) for anyµ ≥ E(X) and anyβ ≥ 1 we havePr[X > βµ] ≤
[

1
e (e/β)β

]µ/y
.

For a weighted undirected graph, theexpansionis defined asmin |∂(S)|
|S| , where the minimum is over

all nonempty setsS of at mostn/2 vertices, and∂(S) stands for the total weight of all edges with exactly
one endpoint inS. For a pre-defined absolute constant,expanderis an undirected graph whose expansion
is at least this constant. Expanders are well-studied and have rich applications. We will use the following
standard result:

Theorem 2.3. Fix a node setV . Suppose for each nodeu we choose three nodes independently and uni-
formly at random fromV , and create undirected links betweenu and these three nodes. Then the resulting
graph is an expander with high probability.
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The above result extends to near-uniform node selection. For the purposes of this paper,n-point distri-
butionτ is callednear-uniformif ‖σunif − τ‖∞ ≤ 1

2n , whereσunif is the uniform distribution.
We will actually need a stronger version where we select nodes from (and construct an expander on) any

given subsetQ of nodes, whereas we need the failure probability to be low in terms ofn, not the size ofQ.
Hence we createO(logn) links per node instead of just three.

Theorem 2.4. Fix node setV of n nodes, and a subsetQ ⊂ V . Suppose for each nodeu ∈ Q we choose
at least3 logn nodes independently from a near-uniform distribution onQ, and create undirected links
betweenu and these nodes. Then the induced graph onQ is an expander with high probability.

Note that the expanders constructed in Theorem 2.3 and Theorem 2.4 have degreeO(logn).
A graph (V, E) induces a Markov chain onV as follows: for any edge(u, v) ∈ E, the transition

probabilityu → v is set as1/ deg(u). In particular, undirected graphs with low degree and high expansion
gives rise to a Markov chains whose transition matrix has high expansion. The following seminal result
from [29] connects the mixing time of a Markov chain with the expansion of its transition matrix; we state
it in a somewhat simplified form which is suitable for the purposes of this paper.

Theorem 2.5. Consider an ergodic time-reversiblen-state Markov chain with a uniform stationary distri-
bution. Suppose that for every node the probability of stalling is at least1

2 . Let γ be the expansion of the
transition matrix. Then for anyk ≥ O(γ−2)(logn) and any initial distribution thek-step distribution of
this Markov chain is near-uniform.

The original formulation of the above theorem extends to arbitrary stationary distributions.

3 The locality-aware framework

In this section we start with an arbitrary communication graph of low degree-expansion ratio, and upgrade
it to a locality-aware one overlay network which will be a foundation for our further constructions. We
formalize the desired ”locality-awareness” via the following notions:

Definition 3.1. A directed graphG is calledδ-zooming, for someδ ∈ (0, 1), if has the following property:
for any two nodesu, v, nodeu has an out-link(u, w) such thatw lies within distanceδ dM(u, v) from v.

Definition 3.2. A δ-hierarchicalnode labeling oforder k is a labeling of each node by one or more integers
in [log∆] such that for each nodeu and each labeli ∈ [log∆] the following two properties hold: there is at
least one label-i node inBu(δr) and at mostk label-i nodes inBu(2r), wherer = ∆/2i.

Theorem 3.3. Consider the following setting. Let(V, dM) be ann-node metric supported onV , with grid
dimensionα and polynomially bounded aspect ratio∆. Suppose each node knowsα and log(n∆) up to a
constant factor. Furthermore, assume that each node has some out-links that collectively induce ad-degree
undirected graph onV with expansionγ such thatd/γ = logO(1) n, and each node knows that number up
to a constant factor.4 Letδ ∈ (0, 1

2) be the stretch parameter.
Then there exists a randomized distributed algorithm that in time(δ−α logn)O(1) w.h.p. constructs:
(a) a δ-zooming directed graph onV of degreeδ−O(α) log2 n, and
(b) a δ-hierarchical node labeling onV of orderδ−O(α) logn.

To prove the above theorem, we will define and construct a distributed data structure that we callrings
of neighbors. Without loss of generality, assume that the metric has smallest distance1 and diameter∆.

4In particular, this is the case if each node has links to 3 nodes sampled independently and near-uniformly in the network.
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DenoteBui := Bu(∆/2i). In our data structure, for eachi ∈ [log∆] each nodeu has links tok other nodes

in Bui. We denote thesek nodes asX(i)
uj : j ∈ [k] and call them thei-th ring neighborsof nodeu. The

radiusof this ring is defined as∆/2i. The numberk is called thering cardinality.
Suppose we have a randomized algorithm which constructs the rings of neighbors and, consequently,

induces a joint probability distribution on random variables{X(i)
uj }. This joint distribution is calledran-

domized rings of neighbors(k-RRN) if these random variables are mutually independent and distributed
near-uniformly on the respective ballsBui.

The crux of the proof of Theorem 3.3 is the following result where we constructk-RRN in the setting of
Theorem 3.3:

Theorem 3.4. In the setting of Theorem 3.3, there exists a randomized distributed algorithm that for any
givenk ∈ N with high probability constructsk-RRN on (V, dM) in timeO(k) (2α log n)O(1).

The proof of Theorem 3.4 is in the next section. Now let us use this result to prove Theorem 3.3.
We start with a proof sketch. ConsiderRRN with ring cardinalityk = δ−O(α) log n. For part (a),

consider the directed graphG = (V, E) such that for each nodeu and indicesi, j there is an edge(u, v)
with v = X

(i)
uj . For part (b), each node assigns labels to itself: specifically, nodeu assigns labeli if and

only if one of its ring-i neighbors isu itself. This happens, roughly, with probabilityΘ(k/|Bu(r)|), where
r = ∆/2i. We show that with high probability graphG is δ-zooming, and the proposed node labeling is
δ-hierarchical. This completes the proof sketch.

Proof of Theorem 3.3: ConsiderRRN with ring cardinalityk = δ−αc logn, for some constantc > 0.
For part (a), consider the directed graphG = (V, E), possibly with self-loops and multiple edges, such

that for each nodeu and indicesi, j there is an edge(u, v), v = X
(i)
uj . We claim that for a sufficiently large

c graphG is δ-zooming with high probability. Indeed, fix any two nodesu, v and choose the smallesti such
thatr := 2i ≥ (1+δ) dM(u, v). Then by the growth-constrained property we haveBu(r) ≤ δ−O(α)Bv(δr).
Since (conditioned on∪l<i Fl) the ring-i neighbors ofu are distributed mutually independently and near-
uniformly onBu(r), by Chernoff Bounds with high probability at least one of them lies inBv(δr).

For part (b), each node assigns labels to itself: specifically, nodeu assigns labeli if and only if one of its
ring-i neighbors isu itself. We claim that for a sufficiently largec we obtain aδ-hierarchical node labeling
with high probability.

Indeed, fix labeli ∈ [log∆] and letr = ∆/2i. Consider the probability space induced by theRRN

construction and conditioned on∪l<i Fl. Recall that in this probability space, all ring-i neighbors of a given
nodev are distributed independently and near-uniformly onBv(r). Define a 0-1 random variableYv by
Yv = 1 if and only if v has labeli. It follows that

Ω(min(1, k/nv)) ≤ E(Yv) ≤ k/nv , wherenv := |Bv(r)|. (1)

Note that by the definition ofRRN, the variables{Yv : v ∈ V } are mutually independent. For a node setS,
let YS :=

∑
v∈S Yv be the number of label-i vertices inS.

Fix some nodeu, and letA = Bu(r) andB = Bu(δr). To prove the claim, we need to upper-bound
YA and lower-boundYB . By the growth-constrained property, for any nodev ∈ A we have|A| ≤ 2α nv ,
so by (1) in expectation we haveYA ≤ O(k 2α). By Chernoff bounds, for a sufficiently large constantc

the same property holds with high probability. Similarly, by the growth-constrained property for any node
v ∈ B we have|B| ≥ δ−O(α) nv , so the propertyYB ≤ Ω(k δO(α)), holds in expectation by (1), and with
high probability by Chernoff bounds. Claim proved.
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Counting nodes within a given radius. We conclude with one easy application ofRRN:

Theorem 3.5.Consider ann-node metric(V, dM) with grid dimensionα andk-RRN. Then with high prob-
ability the following property holds: for any radiusr and anyδ < 1 such thatk > Ω(δ−2) log(n) log2(r),
any nodeu can, without any further communication, obtain a(1 + δ)-approximate estimate of|Bu(r)|.

Proof Sketch.Fix nodeu and radiusr. For every giveni ∈ [log∆], letSi be the radius-2i ring of neighbors.
Let ρi be the fraction of nodes inSi that lie inBu(2i−1). Let t = dlog re and letS = St ∩ Bu(r). Let ρ be
the fraction of nodes inS that lie inBu(2t−1). We estimate|Bu(r)| by ρ∗ = (ρ0 ρ1 . . . ρt−1 ρ)−1.

By Chernoff Bounds, with high probability eachρi is a (1 + δ
2 t)-approximate estimate of the ratio

µi := |Bu(2i)|/|Bu(2i−1)|, andρ is a(1+ δ
2 t)-approximate estimate of the ratioµ := |Bu(r)|/|Bu(2t−1)|.

Since|Bu(1
2)| = 1, the telescoping product(µ0 µ1 . . . µt−1 µ)−1 equals|Bu(r)|, and thus we have the

desired property thatρ∗ is (1 + δ)-approximate estimate of|Bu(r)|.
Our high-probability guarantee is that the above property holds for all nodesu, all radii r and all param-

etersδ at the same time. This is because there are at mostn different balls centered at a given nodeu, and
for each such ball it suffices to establish the desired property for a single value ofδ.

4 Randomized Rings of Neighbors

In this section we prove Theorem 3.4, the central technical result of this paper. We start with a proof sketch.
Then in Section 4.2 we develop the principal tool in the proof – the load-balanced concurrent random walks
on expanders, and in Section 4.3 we give the full proof.

4.1 Proof Sketch of Theorem 3.4

For eachi ∈ [log∆], each node will havek0 = 2O(α) log(n) links to some nodesY (i)
uj ∈ Bui that we will call

i-service links. These links will be chosen randomly so that the random variables
{
Y

(i)
uj : j ∈ [k], u ∈ V

}

are mutually independent, and each of them is distributed near-uniformly on the corresponding ballBui.
Our construction proceeds indlog∆e stages, so that in a given stagei it handles distances on the scale

of r = ∆/2i. Specifically, at the beginning of stagei, the i-service links have already been constructed.
During stagei, we use thei-service links to construct the(i+1)-service links and the(i+1)-ring neighbors.

Fix nodeu. Thei-service links induce a degreeO(logn) expanderQ on the ballB = B(u,i+1). Nodeu

samples fromB by executing an independent instance of a random walk onQ. This random walk is tuned
to guarantee a uniform stationary distribution. We run it for poly-log many steps to obtain a near-uniform
sample. We takek + k0 such samples. Note that these samples (for all nodesu) are conditionally mutually
independent given thei-service links. Moreover, random variables{X(i)

uj } (for all nodesu and all indicesi,
j) are conditionally mutually independent given all service links.

While all nodes are concurrently running random walks as described above, for every given node a large
portion of its load comes fromothernodes’ random walks. Essentially, we need to guarantee that no node
is overloaded by helping others. This requires some care. In particular, for each node we set aside some
i-service links asrandom seeds, not to be used as links for the random walks.

4.2 Tools: concurrent random walks

In this subsection we discuss load-balanced random node selection via concurrent random walks on low-
degree expander graphs. We do not invoke the underlying distance functiondM.
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We start with a fact on Markov chains which will be essential to our constructions. Consider an undi-
rected graphG = (V, E). Let λuv be the multiplicity of edgeuv, and letdu =

∑
v λuv be the degree of

nodeu. For anyd ≥ deg(G) let us define the Markov chainM(G,d) as follows:

M(G,d)(u, v) =
{

λuv/2d if u 6= v

1 − (du − λuv)/2d otherwise
(2)

It is easy to see that this Markov chain has a uniform stationary distribution. Moreover, by Theorem 2.5 for
graphs of low degree-expansion ratio it has a rapid mixing property:

Lemma 4.1. LetG be a connected undirected graph (possibly with loops and parallel edges)with expansion
γ. Then for anyd ≥ deg(G) andk ≥ O(d/γ)2(logn) thek-step distribution ofM(G,d) is near-uniform for
any initial distribution.

Proof. Let M = M(G,d). Note thatM is irreducible sinceG is connected, andM is aperiodic since every
node has a positive stalling probability. ThereforeM is ergodic. M is time-reversible sinceM(u, v) =
M(v, u) holds for all node pairs. SinceM(u, v) ≥ λuv/2d for all node pairs, the expansion ofM (as an
edge-weighted graph) isγ/d. Now the Lemma follows from Theorem 2.5.

In the following result each node runs independent copies of the random walk from Lemma 4.1 in order
to acquire new out-links that are distributed independently and near-uniformly. (Recall that in our model
nodeu has an out-link to nodev if and only if nodeu knows the ip-address of nodev.) In particular, if
initially the graph induced by the out-links is an expander of poly-logarithmic degree, then each node can
acquire a poly-logarithmic number of new out-links in poly-logarithmic running time.

Lemma 4.2. Consider a node setV where each node has some out-links that collectively induce an
undirected graphG = (V, E). Suppose this graph has expansionγ, and assume that numbersk ∈ N,
d ≥ deg(G) andt ≥ (d/γ)2 log |V | are known to all nodes.

Then there exists a randomized distributed algorithm whereby every nodeu acquiresk new out-links so
that the new out-links (for all nodes) are distributed independently and near-uniformly onV . The running
time and (with high probability) the load areO(t)(k + log |V |); the per-node storage isO(k + d).

Proof. By abuse of notation, let us fix some enumerationf of V and treat each nodeu as a unit vector in
thef(u)-th dimension. Letσunif be the uniform distribution onV .

For a nodev, letAv = Av(G, d) be aG-distributed algorithm that starts atv and simulates the Markov
chainM(G,d) for t steps. Specifically, at every stepi the Markov chain visits some nodeXi, which means the
following: nodeXi selects one of itsG-neighbors (or itself) according to the distribution (2) and forwards
the Markov chain to this node. The process starts atX0 = v, and terminates at stept by returning the value
Xt to nodev.

Note that by Lemma 4.1Xt is a random variable with a near-uniform distribution. For simplicity let us
assume that at each stepi nodesv andXi experience a unit load each. It follows that for a given nodew the
expected load induced by algorithmAv , v 6= w is equal to

Pr[Xi = w] =
(
M

(i)
(G,d)v

)
· w. (3)

The overall algorithm is simple: every nodeu initiatesk independent copies of algorithmAu. In the
course of this algorithm, each message processed by a given nodeu is related to a certain step of someAv .
To simplify the analysis of the total running time, let us assume that whenever there is contention, messages
from earlier steps are given higher priority.
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Note that the per-node storage requirement isO(k + d), since at any point in time a given nodeu needs
to store only the addresses of all hisG-neighbors, the current step for each of thek copies of algorithmAu.

Let us fix a nodew and a stepi ∈ [t]. Let Yvj be the load induced onw by thej-th copy of algorithm
Av . Then by (3) we have, lettingn = |V |,

∑

v 6=w

E (Yvj) =
∑

v 6=w

(
M

(i)
(G,d)

v
)
·w ≤ n

(
M

(i)
(G,d)

σunif

)
· w = O(n σunif · w) = O(1).

Since{Yvj} is a family of bounded independent random variables, by Chernoff Bounds (Theorem 2.2b)
with µ = Θ(max(k, logn)) it follows that

∑
all (v, j) Yvj ≤ 2µ with high probability. In particular, the total

load on any given node (over all steps) isO(tµ) with high probability.
To bound the total running time, we claim that the processing of each stepi completes, for all nodes, by

timeO(iµ) with high probability. Indeed, suppose a given stepi is complete by timeO(iµ). Since with high
probability every given nodeu needs to process at mostO(µ) messages for stepi + 1, and these messages
have priority over those from later steps, processing them will take at mostO(µ) time. Claim proved.

We also use Lemma 4.2 to construct the out-most rings of neighbors in Section 4.3. For all other rings
we need a more general version of this lemma, where each nodeu samples from some subsetQu. To use
such result, we need to bound the expected load on all nodes inQu \ {u} by a small multiple of1/|Qu|. In
what follows, for graphG we letG[Q] be the graph induced by a node subsetQ.

Lemma 4.3. Consider a node setV where each node has some out-links that collectively induce an undi-
rected graphG = (V, E). Fix nodeu ∈ V and consider a subsetQ ⊂ V such that the graphG[Q] has
expansionγ. Suppose that:

• after pinging any nodev ∈ V , nodeu can, at unit cost, determine whetherv ∈ Q.
• nodeu knows numbersd ≥ deg(G), dQ ≥ deg(G[Q]) andt ≥ (dQ/γ)2 log |V |,
• nodeu is given arandom seed: an address of some node.

Then for anyk ∈ N there exists a randomizedG-distributed algorithm (initiated byu) such that:

(a) nodeu acquires addresses ofk nodesXi ∈ Q, where theXi’s are Q-nice random variables. The
running time and the load on nodeu areO(kdt).

(b) The load on every other nodew is at mostO
(∑

wv∈G Zv

)
, whereZv is the number of times nodev

is ”visited” by the algorithm,5 which is at mostkt for all v ∈ Q, and0 otherwise. If the random seed
was selected independently from a near-uniform distributionτ on Q, then in the probability space
induced by the algorithm andτ , E(Zv) = O(kt/|Q|) for eachv ∈ Q.

Proof. We use algorithmAv(G[Q], d) defined in the proof of Lemma 4.2, in a slightly modified form.
Specifically, at each stepi of this algorithm nodeu communicates with some nodeXi ∈ Q, asks this node
for a list of itsG- neighbors, determines which of these neighbors lie inQ, and chooses the next nodeXi+1

among those according to the distributionM(G[Q], d), see (2). The process starts atX0 = v, and terminates at
stept by returningXt to nodeu. During each step nodeu incurs loadO(d), and nodeXi incurs loadO(1).6

Given this modified form ofAv(G[Q], d), the overall algorithm is simple: nodeu initiatesk independent
copies of algorithmAw(G[Q], d), wherew is the given random seed.

Parts (a) is now trivial. For part (b), we defineZv to be the number of times some copy of algorithm
Av(G[Q], d) selects nodev as the next step. Let us fix some nodev ∈ Q \ {u}, and letYij be the number
of times nodev is visited by thei-th step of thej-th copy of the random walk. Letσunif be the uniform

5For each nodev, the algorithm either does not touch the list of itsG-neighbors, orvisitsv: reads the entire list at once.
6NodeXi sends a list ofd addresses. However, in practice this list should fit in a very small number of packets.
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distribution onQ, and letM = M
(i)
(G[Q], d) be thei-th power of the corresponding transition matrix. Note

that Mσunif = σunif, so rows ofM have unit sums, so‖Mτ‖∞ ≤ ‖τ‖∞ = O(1/|Q|). Consider the
probability space induced by the algorithm andτ . Then

E[Yij] = O
(
Pr
τ

[Xi = v]
)

= O ((M τ) · v) = O(1/|Q|).

We getE(Zv) = O(kt/|Q|) by summing over alli ∈ [t] andj ∈ [k].

4.3 Locality-awareness via random walks: proof of Theorem 3.4

Recall that without loss of generality we assume that the metric has smallest distance1 and diameter∆.
DenoteBui := Bu(∆/2i). Let us setk0 = 2O(α) log(n) such that the following property holds:

(P1) Consider any two ballsB(v, i+1) ⊂ Bui. Supposek nodes are chosen independently from a near-
uniform distribution onBui. Then with high probability at least3 logn of them land inB(v, i+1).

Note that in (P1)|Bui| ≤ 4α|B(v, i+1)| by Lemma 2.1, sok0 = O(4α)dlogne does indeed suffice.
For eachi ∈ [log∆] and each nodeu our randomized distributed algorithm will constructk i-th ring

neighborsX(i)
uj , j ∈ [k] and thei-service linksto somek0 nodesY (i)

uj ∈ Bui, j ∈ [k0] so that for the families
of random variables

Fi =
{
Y

(i)
uj : j ∈ [k0], u ∈ V

}

the following properties hold with high probability:

(P2) given∪l<i Fl, random variables inFi are conditionally mutually independent.

(P3) given∪l<i Fl, each random variableX(i)
uj ∈ Fi has a near-uniform distribution onBui.

(P4) given∪all l Fl, random variables{X(i)
uj } are conditionally mutually independent and distributed near-

uniformly on the corresponding ballsBui.

By Lemma 4.2, we can without loss of generality assume that in the initial overlay networkG each node
has links to 3 nodes sampled independently and near-uniformly in the network.

We start by constructingF0 using Lemma 4.2 applied to this graphG. SuchF0 clearly satisfies condi-
tions (P2) and (P3). SinceG is ad-degree expander, in Lemma 4.2 we taket = O(log3 n), so the running
time and (with high probability) the load areO(k0t), and the storage requirement isO(k0). We construct
the ring-0 neighbors similarly.

The rest of the construction proceeds in stages, so that in stagei ≥ 0 we constructFi+1 assuming
that we have already constructedFi that satisfies (P2) and (P3). Let us partition the familyFi of random
variables into two subfamilies:

Fwalk
i =

{
X

(i)
uj : u ∈ V, j ∈ [k0/2]

}
and F seed

i = Fi \ Fwalk
i .

We will invoke Lemma 4.3, independently for every nodeu. The underlying graph for the random walks
will come fromFwalk

i , and the random seeds will come fromF seed
i . It is important that the random seed is

independent ofFwalk
i (conditionally, givenFi−1).

Let us defineG∗
i to be the directed graph induced byFwalk

i , namely a directed graph onV , possibly

with self-loops and multiple edges, which contains an edgeuv wheneverv = Y
(i)
uj for somej ∈ [k0/2].

Let Gi be the undirected version ofG∗
i . In practice, to constructGi each nodeu just contacts all of its

Fwalk
i -neighbors to let them know that they should store a link tou. Note thatGi has a low degree:
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Claim 4.4. deg(Gi) ≤ O(k0 2α) with high probability.

Proof. Condition onFi−1 and consider the probability space induced byFwalk
i . For a given nodeu, it

suffices to bound its in-degree inG∗
i . Note thatvu ∈ G∗

i only if u ∈ Bvi or, equivalently,v ∈ Bui. Each
nodev ∈ Bui hask0 links distributed near-uniformly onBvi. Each of these links lands inu with probability
at most2/|Bvi|, which is at most2α/|Bui| by Lemma 2.1. The expected in-degree ofu in G∗

i is thus at most
k0 2α. The claim follows by Chernoff Bounds since by (P2) all links inG∗

i are independent givenFi−1.

For a given nodeu, let us defineQu = B(u, i+1). We analyze the induced graphGi[Qu]:

Claim 4.5. The induced graphGi[Qu] is anO(k0)-degree expander with high probability.

Proof. Condition onFi−1 and consider the probability space induced byFwalk
i . Each nodev ∈ Qu has

k0 out-links in G∗
i . SinceQu ⊂ Bvi, by (P3) each of these links lands into a given nodew ∈ Qu with

probability at most2/|Qu|. The expected in-degree ofw in G∗
i [Qu] is thusO(k0). Since by (P2) all links

in G∗
i are independent givenFi−1, by Chernoff Bounds the in-degree ofG∗

i [Qu] is at mostO(k0) with
high probability, and consequently so is the degree ofGi[Qu]. Moreover, by (P1) with high probability the
out-degree ofG∗

i [Qu] is at least3 logn, so by Theorem 2.4 with high probabilityGi|Qu is an expander.

By (P1) with high probability for each nodeu at least3 logn nodes inF seed
i lie insideQu. Pick one

such node at random, denote itYu. For a given nodeu, let Au be the construction in Lemma 4.3 whereby
nodeu acquires the addresses ofk + k0 near-random nodes. Specifically, we invoke this construction for
subsetQ = Qu, underlying graphGi, random seedYu, and (by Claims 4.4 and 4.5) upper bounds

d = O(k0 2α) anddQ = O(k0) andt = O(k2
0 logn).

The overall construction for stagei is simple: each nodeu invokes algorithmAu and thereby acquires
the addresses ofk∗ = k + k0 nodes inQu, not necessarily distinct. We assign the firstk of these addresses
to the newly constructed ring-(i + 1) neighborsX(i+1)

uj , j ∈ [k], and the restk0 to the newly constructed

(i + 1) service linksY (i+1)
uj , j ∈ [k]. Clearly properties (P2), (P3) and (P4) are satisfied.

It remains to bound the per-node load and the running time.
Let Zvu be the quantity from Lemma 4.3(b), the number of times nodev is ”visited” by algorithmAu.

Recall thatZvu = 0 wheneverv 6∈ Qu or, equivalently, whenu 6∈ Qv. Let us defineZv =
∑

u∈V Zvu, the
total number of times nodev is visited by someAu. Let us boundZv:

Claim 4.6. Zv is at mostO(k∗t 2α) in expectation, and at mostO(k∗t 2α log n) with high probability.

Proof. Let us condition onFi−1 andFwalk
i (i.e. let us assume that those are fixed), and let us consider

the probability space induced by the random choices inF seed
i and in algorithms{Au : u ∈ V }. By

Lemma 4.3(b) and Lemma 2.1, for eachu ∈ Qv we have

E(Zvu) ≤ O(k∗t/|Qu|) ≤ O(k∗t 2α)/|Qv|,

soE(Zv) ≤ O(k∗t 2α). Since the random variables{Zvu : u ∈ Qv} are independent, the claim follows by
Chernoff Bounds.

Let us fix some nodew and partition the total load experienced by nodew in a given stage intodirect
load induced onw by algorithmsAw , and indirect load induced onw by algorithmsAu, u 6= w. By
Lemma 4.3(b) the direct load on nodew is O(k∗dt), and the indirect load onw is O

(∑
wv∈Gi

Zv

)
. By

Claim 4.4 and Claim 4.6, the latter is at mostO(k∗kt 4α) in expectation, and at most

T = O(k∗kt 4α log n) = O(k)(2α logn)O(1)
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with high probability. Summing over all stages, the total load isO(T log n) with high probability.
Let us bound the running time for a given stage. Recall that each message belongs to a particular step

of one of the random walks. To simplify the analysis, let us assume that whenever there is contention,
messages from earlier steps are given higher priority, and among messages from the same step, a given node
u gives higher priority to messages related to algorithmAu. Via the same analysis as above we can show
that during each step a given node receives at mostT/t messages. It follows that in timeO(T/t) a given
nodeu receives ”answers” to all messages sent by a given step of algorithmAu. Therefore the total running
time for a given stage is at mostO(T ), as required. This completes the proof of Theorem 3.4.

5 Tools: low-stretch broadcast protocols

Our subsequent constructions use essentially the same low-stretch broadcast protocol in several different
settings, each with a different type of desired guarantees. In this section we develop a single broadcast
protocol with provable guarantees that fit all these settings.

We consider a broadcast protocol in which packets spread from the source nodes along the links of a
directed graphG. We assume thatG is ”nice”, e.g.δ-zooming (recall Theorem 3.3). Our broadcast reaches
all nodes within a given radiusr from s via (1 + δ)-stretch paths, and does not go too far fromBs(r).

Let us state the broadcast protocol, which we call(G, s, r, δ)-broadcast. In this protocol, nodes send
packetsP (x), wherex is a dlog ∆e-bit number. Each nodev may receive the broadcast from multiple
other nodes; it stores the farthest of them, denote itfv (ties broken arbitrarily), and the distance from it,
dv := dM(v, fv). Initially fv = null anddv = 0. To initiate the broadcast, nodes sends packetP (x),
x = dM(s, v) along each out-link(s, v) ∈ G of length at leastr 1−δ

1−2δ . In a typical step of the broadcast,
nodev 6= s receives packetP (x) from some nodeu. If dM(u, v) > dv , nodev forwardsP (x) to all its
neighborsw 6= s such thatδdv < dM(v, w) ≤ δ dM(u, v), and updatesfv anddv accordingly. Nodev stores
x as an estimate ofdM(s, v).7 This completes the description of the protocol.

The above protocolinducesa directed graphG∗ = (V, E) such that(u, v) ∈ E if and only if nodev
received the broadcast along a link from nodeu. A path is calledδ-telescopingif each subsequent edge
in this path hasdM-length at mostδ times that of the previous one. A directed graphG is called(s, δ)-
telescopingif every node is reachable from nodes via a δ-telescoping path, and(∗, δ)-telescopingif this
property holds for alls. Note that “(∗, δ)-telescoping” is essentially the same as “δ-zooming”:

Claim 5.1. If δ ≤ 1
4 then any(∗, δ)-telescoping directed graph is2δ-zooming, and anyδ-zooming directed

graph is(∗, 2δ)-telescoping.

Proof Sketch.Fix nodesu, v. If the graph is(∗, δ)-telescoping, then there exists aδ-telescopinguv-path
whose first edge(u, w) is such thatdM(v, w) ≤ δ dM(u, v). Conversely, if the graph isδ-zooming, then
repeatedly applying the definition we obtain a2δ-telescopinguv-path.

Now we can state the provable guarantees for our protocol:

Lemma 5.2. Consider the(G, s, r, δ)-broadcast, for a directed graphG, source nodes, target radiusr > 0
and stretch parameterδ ∈ (0; 1

4). Then:

(a) the broadcast reaches every nodev ∈ Bs(r) such thatG contains aδ-telescoping path froms to v.
(b) any edge in the graph induced by the broadcast lies on someδ-telescoping path froms.
(c) if a nodev receives packetP (x) via the broadcast, thenx(1− δ) < dM(s, v) < x(1 + δ).
(d) any node outsideBs( r

1−2δ) is not reached by the broadcast, and thus it incurs zero load.

7In fact, the value ofx from any packet received byv can be used as an estimate ofdM(s,v).
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(e) any node incurs load at mostO(deg G). If each node incurs load≤ L from all algorithms concur-
rently running in the system, then the completion time of the broadcast is at mostO(L log r).

Proof Sketch.Say that agoodpath is aδ-telescoping path froms that starts with a link of length at most
r 1−δ

1−2δ . For part (a), note that anyδ-zooming path froms to v ∈ Bs(r) is a good path. We claim that the
broadcast reaches every nodev such thatG contains a good path tov. To prove this, use induction on the
smallest number of hops in a good path.

For part (b), use induction on the edge length, e.g. via the powers of 2. Part (c) immediately follows
from (b). For part (d), we need a slightly stronger version of part (b) (which is proved similarly): any edge in
the graph induced by the broadcast lies on some good path. In particular, any node reached by the broadcast
lies on a good path. With a simple calculation, this implies part (d).

For part (e), note that each node sends the broadcast at most once along each of its out-links. It follows
that each node receives the broadcast at most once along each of its in-links, so the per-node load is at most
O(deg G). To bound the completion time, note that the broadcast spreads for at mostdlog re hops, and the
delay between any two consecutive hops(u, v) and(v, w) is at most the total load on nodev.

The k-closest node discovery. We mention one relatively simple application of the low-stretch broadcast,
where each nodediscovers(i.e. acquires the addresses of) itsk closest nodes, with respect to the distance
function dM. Here each nodes initiates its own instance of the (single-source)k-closest node discovery
algorithm, which incurs zero load on all but the2O(α)k closest nodes. We state our guarantees in terms of
logRk, whereRk is the smallest numberr such that any ball of radiusr contains at leastk nodes.8

Theorem 5.3. In the setting of Theorem 3.3, there exists a randomized distributed algorithm such that for
any givenk ∈ N every node discoversitsk closest nodes and incurs the loadL = 2O(α)(k+log2 n)(logRk).
The total running time is at mostO(L log2 Rk).

Proof. In a pre-processing step, we use the algorithm in Theorem 3.3(b) to construct a1
8-zooming directed

graphG onV of degree2O(α) log2 n; by Claim 5.1 this graph is(∗, 1
4)-telescoping.

Then each nodes initiates one instanceAs of the following algorithm. In each iterationi = 0, 1, 2, . . .,
run the(G, s, 2i, 1

4)-broadcast, with a provision that every recipient sends a direct message back tos. The
algorithm stops after iterationi such that nodes receives messages from at leastk nodes inBs(2i). Let S
be the set of these nodes. The output ofAs is thek closest nodes inS. This completes the algorithm.

Fix a nodes. Let rs be the radius of the smallest ball arounds that contains at leastk nodes, rounded
up to the nearest power of 2. Leti = log rs. AlgorithmAs does not stop after each iterationAs(j), j < i

because there are less thank nodes inBs(2j). By Lemma 5.2(a) in iterationAs(i) nodes discovers all
nodes inBs(rs). Since there are at leastk such nodes, algorithm stops and, moreover, is correct, i.e. finds
thek closest nodes.

Let us upper-bound the per-node load. Consider one iterationj ≤ log rs of algorithmAs. Let d :=
deg(G) = 2O(α) log2 n. By Lemma 5.2(de) the broadcast induces loadO(d) on each node inBs(2 rs),
and zero load on all other nodes. The load on nodes consists of the load from the broadcast, which is
O(d), and the load from messages sent back by nodes that received the broadcast. Since only nodes in
Bs(2rs) are reached by the broadcast, and each recipient sends exactly one message, the latter load is at
mostO(|Bs(2 rs)|) ≤ 2O(α)k. Since there are at mostlog(Rk) + O(1) iterations, the total load induced by
As on nodes is O(2O(α)k + d)(logRk).

Consider the total load on a given nodeu. Let Luv be the load induced onu by algorithmAv. We gave
an upper bound forLuu. We also proved that foru 6= v the loadLuv = O(d logn) and, moreover,Luv > 0
only if v is such thatu ∈ Bv(2 rv). Let Su be the set of all such nodesv. Then the total load on nodeu is at

8Rk is at most the diameter ofdM; however, for smallk and a ”well-behaved” metric it may be much smaller, e.g.O(log k).
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mostLuu + O(|Su|d logn). It remains to upper-boundSu. Let w = argmax{rv : v ∈ Su}. Then for each
nodev ∈ Su,

dM(w, v) ≤ dM(w, u) + dM(u, v) ≤ 2rw + 2rv ≤ 4rw.

It follows that
|Su| ≤ |Bw(4rw)| ≤ 2O(α)|Bw(rw/2)| < 2O(α)k.

Therefore the total per-node load is as claimed.
To obtain the claimed total running time, observe that each of theO(logRk) iterations of each algorithm

As completes at mostO(logRk) steps of the broadcast such that all communication occurs onlybetween
these steps. Thus, the maximal delay at each step isL, and the total running time isO(L log2 Rk).

6 Hierarchical beacon network and distance labeling

In this section we bring together the machinery from Section 3 and Section 5 to obtain a(1+δ)-approximate
triangulation. We consider the construction from Theorem 3.4 and treat the label-i nodes in aδ-hierarchical
node labeling as thebeaconscorresponding to a distance scale ofr = ∆/2i. We will make sure that every
nodeu knows the identities of, and good distance estimates to, all such nodes that lie within distancer from
u. To this end, each beacon will run an instance of the broadcast from Lemma 5.2.

Definition 6.1. A δ-hierarchical beacon networkof orderk is aδ-hierarchical node labeling of orderk such
that for each nodeu, each labeli ∈ [log∆] andr = ∆/2i the following properties hold. Firstly, nodeu has
ani-beacon-linkto some label-i nodes inBu(2r), including all label-i nodes inBu(r). Secondly, for each
such beacon-link(u, w), nodeu knowsi, the address ofw, and(1 + δ)-approximate estimate ofdM(u, w).

This definition will also be used in Section 7. It is easy to see that it leads to a triangulation:

Claim 6.2. For any δ ∈ (1; 1
4), any δ-hierarchical beacon network of orderk is in fact a (1 + O(δ))-

approximate triangulation of orderO(k logn).

Proof. For the triangulation, the beacon set of a given nodeu consists of all nodes thatu has a beacon-link
to. Since for each labeli ∈ [log∆] there are at mostk such nodes, the beacon set has sizeO(k logn).

Now let us fix a node pair(u, v) and consider the distance scalei defined as the smallesti ∈ N such
thatr := ∆/2i ≥ dM(u, v)/(1− δ). Then there exists an label-i beaconb ∈ Bv(δr). ThendM(u, b) ≤
dM(u, v) + δr ≤ r, so nodeb is in the beacon sets of bothu andv. Let Du(b) andDv(b) be the(1 + δ)-
approximate upper bounds ondM(u, b) anddM(v, b), respectively. It follows that

Dv(b) ≤ (1 + δ) dM(v, b) ≤ (1 + δ) δr ≤ (1 + 2δ) dM(u, v)
Du(b) ≤ (1 + δ) dM(u, b) ≤ (1 + δ)(δr + dM(u, v)) ≤ (1 + 2δ) dM(u, v),

and similarlyDu(b) ≥ (1− 2δ) dM(u, v), proving the claim.

Theorem 6.3. In the setting of Theorem 3.3, there exists a randomized distributed algorithm that w.h.p.
constructs aδ-hierarchical beacon network of orderk = δ−O(α) logn, and hence a(1 + δ)-approximate
triangulation of orderO(k logn). The total running time is at most(δ−α logn)O(1).

Proof. Use Theorem 3.4 to obtain a(∗, δ)-telescoping directed graphG∗ and aδ-hierarchical node labeling
L, with, respectively, degree and orderk = δ−O(α) logn. Then each label-i nodeu initiates a distinct
instance of the(G, u, r, δ)-broadcast, forr = ∆/2i. By Lemma 5.2(ac) each nodew ∈ Bu(r) receives
this broadcast and, moreover, acquires a(1 + δ)-approximate estimate ofdM(u, w). Thus we construct a
δ-hierarchical beacon network of orderk.
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Let us bound the per-node load. Fix nodeu and for each label-i nodev let Li
uv be the load induced onu

by the(G, u, r, δ)-broadcast,r = ∆/2i. LetLi
uv = 0 for any nodev which is not labeledi. By definition of

aδ-hierarchical node labeling, there are at mostk label-i nodes inBu2r; let Sui be the set of all such nodes.
Then by Lemma 5.2(de)Li

uv = O(k) if v ∈ Sui, andLi
uv = 0 otherwise. Therefore, the total load onu is

∑
(v,i) Li

uv ≤
∑

i O(k)|Sk| ≤ O(k2 log n).

The bound on running time follows from Lemma 5.2(e).

7 Multicast trees with low stretch

We present two results on low-stretch multicast trees. In the first result, we achieve stretch1+δ with degree
δ−O(α)(log2 n). The second result (which is considerably more involved) constructs abinary tree with a
slightly worse bound on stretch.

Theorem 7.1. Consider ann-node metric(V, dM) with grid dimensionα; fix a nodes. Then there exists a
multicast tree rooted ats with stretch1+ δ, depthO(logn) and degreeδ−O(α) log2 n. In the setting of The-
orem 3.3, such multicast tree can be constructed w.h.p. by a distributed algorithm in time(δ−α logn)O(1).

Remark.Firstly, the construction in the above theorem can be madelocal in the sense that for any given
radiusr we construct a multicast tree on a setS of nodes such thatBs(r) ⊂ S ⊂ Bs(2r), and induce zero
load on nodes outsideBs(2r). Secondly, in the algorithm there is a preprocessing step (which is the same
for all s), after which the construction for a givens completes in timeδ−O(α) log2(n), inducing the per-node
loadδ−O(α) log(n). Thirdly, we mention in passing that the existence result extends todoubling metrics, a
much more general family of metrics; we omit the proof from this version.

Proof Sketch.We use a low-degreeδ-zooming graphG∗ provided by Theorem 3.3(a) and the(G∗, s,∞, δ)-
broadcast from Lemma 5.2. This broadcast reaches every node via aδ-telescoping path. Then the directed
graph induced by this broadcast is pruned so that the remaining edges form the desired multicast tree.
Specifically, each nodev 6= s removes all in-links except the longest one, ties broken arbitrarily.

Proof of Theorem 7.1: Let us describe the algorithm. We use the low-degreeδ-zooming graphG∗ provided
by Theorem 3.3(a) and the(G∗, s,∞, δ)-broadcast from Lemma 5.2. LetG be the directed graph induced
by the above broadcast. This graph is not necessarily a directed tree and, in fact, not necessarily a DAG. To
turn it into a directed tree, we prune it as follows: each nodev 6= s removes all in-links except the longest
one, ties broken arbitrarily. The sources of the removed in-links need to be notified, which is simple to
implement this as a part of the broadcasting protocol: every time each nodev resets itsfv , it notifies (the
previous) nodefv that the link(fv , v) is being canceled. This completes the construction.

Call a directed graphstrongly(s, δ)-telescopingif it is (s, δ)-telescoping and moreover any edge(u, v)
lies on someδ-telescopingsv-path. By Lemma 5.2(ab) graphG is strongly(s, δ)-telescoping. We state our
result on the pruning algorithm in terms of strongly(s, δ)-telescoping graphs, which is cleaner; this result
will also be used for part (b) of the theorem.

Lemma 7.2. LetG be a strongly(s, δ)-telescoping directed graph. For every node, remove all in-links but
the longest one (ties broken arbitrarily). Then the pruned graph is strongly(s, δ)-telescoping, and hence a
s-rooted directed tree.

Proof. Let e1 , . . . , ek be the pruned edges, in some arbitrary order, and define the sequence of graphs
(G0 , . . . , Gk) by G0 = G andGi = G \ {e1 , . . . , ei} for i = 1 . . .k.
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We claim that each graphGi is strongly(s, δ)-telescoping. Indeed, let us use induction oni. The claim
holds fori = 0. Suppose it holds for somei. In particular, suppose that in graphGi, any edge(u, v) lies
on aδ-telescopingsv-pathPuv . Let ei+1 = (u′, v) and let(u, v), u 6= u′ be the longest in-link ofv in Gi.
Consider some edge(x, y) such that(u′, v) ∈ Pxy . To establish the claim, we need to show thatGi contains
a δ-telescopingsy-path that contains edge(x, y) and does not contain edge(u′, v). Indeed, letPxy [v, y]
be the sub-path ofPxy between nodesv andy, and let(v, w) be the first edge of this path. Since paths
Puv andPxy [v, y] are bothδ-telescoping, anddM(u, v) ≥ dM(u′v) ≥ dM(v, w)/δ, the concatenated path
P ′

xy = Puv ⊕ Pxy [v, y] is the requiredδ-telescopingsy-path. Claim proved.
In the pruned graph, the root has no incoming edges, and every other node has exactly one incoming

edge. Since the pruned graphGk is strongly(s, δ)-telescoping, each node in it is reachable from the root.
The last two statements imply thatGk is a directed tree rooted ats.

So the pruned graphT is a strongly(s, δ)-telescoping directed tree rooted ats. In particular, all paths
in T are δ-telescoping, which implies thatT is a multicast tree with the claimed stretch and depth. The
out-degree ofT is upper-bounded by that ofG∗. By Lemma 5.2(e), the per-node load and the total running
time are as claimed in the theorem.

Theorem 7.3. Consider ann-node metric(V, dM) with grid dimensionα; fix a nodes. Then there exists a
multicast tree rooted ats with out-degree2 and stretch1 + δ to all but ks = (1

δ logn)O(α) closest nodes.
Furthermore, this tree has depthO(logn)(logks). LettingS be the set ofks closest nodes, any path from
s either has stretch1 + δ or lies entirely inS. In the setting of Theorem 3.3, such multicast tree can be
constructed w.h.p. by a distributed algorithm in time(1

δ logn)O(α).

Proof Sketch.The first-draft idea is to start with a multicast treeT from part (a) and transform it into a
binary tree as follows. Each non-leaf nodeu discovers the setSu of k = logO(1) n closest nodes (via
Theorem 5.3). These sets need not be disjoint. We break ties to construct setsS∗

u ⊂ Su that are disjoint and
contain sufficiently manyT -leaves. Then each nodeu builds au-rooted directed binary tree on theT -leaves
in S∗

u, and replaces its out-links inT by links from the leaves of this binary tree.
To guarantee the desired tie-breaking that constructs subsetsS∗

u, we (essentially) need the nodes at each
level ofT to be spread near-uniformly inV . Unfortunately, we cannot achieve this with the tree from part (a).
Instead, we use a more complicated beacon-based machinery. We construct aδ-hierarchical beacon network
via Theorem 6.3, and then use the algorithm from part (a) where instead of the overlay links provided byG∗

we use all links from the root to the beacons, and some of the links between beacons. Specifically, for each
level-i beaconu 6= s we use all out-goingj-beacon-links,j > i. We show that such algorithm constructs a
multicast treeT ∗ with guarantees as in part (a).

A level-i beacon is calledimportant if the ball Bu(∆/2i) contains at leastk nodes. We construct the
desired disjoint setsS∗

u for all important nodesu, and show that they contain sufficiently many non-important
nodes. If a given non-important node does not lie in any of these sets, it is assigned toS∗

u for some nearby
important nodeu. Then each nodeu builds au-rooted directed binary tree on the non-important nodes in
S∗

u, and replaces its out-links inT by links from the leaves of this binary tree.
The full algorithm for part (b) uses broadcast protocols in several ways: first, beacons use broadcast to

declare themselves (in Theorem 6.3), then the root uses broadcast to construct the polylog-degree multicast
tree, and then all nodes use broadcast to construct the setsSu (via Theorem 5.3).

In the rest of this section we give the full proof of Theorem 7.3. The construction proceeds in several
steps. We found it convenient to interleave the construction and the analysis since the subsequent steps of
the construction are explained and justified by the analysis of the preceding steps.

(Step 1) Construct aδ-hierarchical beacon networkN of orderδ−O(α) log n, via Theorem 6.3.
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Recall that inN every given node is assigned one or more labels from the set[log∆]. Call this node an
i-beacon, wherei is its smallest label. Also, recall thatN induces a network ofbeacon-links. This network
has low out-degree, but very high in-degree: e.g. the in-degree of any 0-beacon isn! We would like to
use this network for broadcast, so we need to prune it so that it has low in-degree and yet remains useful,
namely,(s, δ)-telescoping. We prune the beacon-links as follows: the root keeps all its beacon-links, and
eachi-beacon keeps all itsj-beacon-links for allj > i.9 Call the remaining beacon-linksvalid.

Claim 7.4. Each node has at mostkT = δ−O(α) log2 n valid incoming and outgoing beacon-links.

Proof. Let k be the order ofN . The out-degree for all beacon-links (valid or invalid) isO(k logn) by
definition ofN . The proof for the in-degree is a little bit subtle due to the fact that nodes may have multiple
labels inN . Let ri = ∆/2i. Fix nodev and suppose(u, v) is a validi-beacon-link. Then nodeu has label
i and, moreover,v has labelj < i so thatdM(u, v) ≤ 2 rj. In particular, it follows thatdM(u, v) ≤ ri. By
definition ofN , for a giveni there are at mostk such nodesu. Therefore nodev has at mostO(k logn)
valid incoming beacon-links.

Recall from Definition 3.2 that for eachi-beacon-link(u, v) we havedM(u, v) ≤ 2r, wherer = ∆/2i,
whereas it suffices to havei-beacon-links of length at mostr. Therefore, for convenience, we remove valid
i-beacon-links of length> r. Let G∗ be the resulting directed graph.

Claim 7.5. GraphG∗ is (s, δ)-telescoping.

Proof Sketch.Fix nodeu and construct thesu-path(s = w0, w1 , . . . , wt = u) inductively as follows.
Start withw0 = s andj = 1. For a givenw = wj , consider the smallesti = ij such thatr := ∆/2i ≥
(1 + δ) dM(w, u). Then there exists a label-i nodeb ∈ Bu(δr) and, moreover, there exists ani-beacon-link
(w, b) such thatdM(w, b) ≤ r. This link is valid: forj = 0 this is becausew0 is the root, and forj > 0 this
is becauseij < ij−1. Thus this link is inG∗.

(Step 2) Use the(G∗, s,∞, δ)-broadcast from Lemma 5.2 and the pruning algorithm from Lemma 7.2.

Let G be the directed graph induced by the above broadcast, and letT be the pruned graph. By
Lemma 5.2(ab)G is (s, δ)-telescoping, so by Lemma 7.2 the pruned graphT is strongly(s, δ)-telescoping,
hence it is a multicast tree rooted ats, with guarantees like in part (a). In particular,T has out-degree at
mostkT .

7.1 ConvertingT to a binary tree

Fix somek = δΘ(α) log2 n to be chosen later. For each nodeu, letSu be the set ofk nodes closest tou, ties
broken arbitrarily, and letru be the radius of the smallest ball aroundu that contains at leastk nodes. The
following simple fact is well-known (we prove it here for the sake of completeness):

Claim 7.6. For any two nodesu andv we have|ru − rv| ≤ dM(u, v).

Proof. Let d = dM(u, v). SinceBu(ru) ⊂ Bv(d + ru), it follows thatk ≤ |Bu(ru)| ≤ |Bv(d + ru)|. By
minimality of rv we haverv ≤ d + ru. Similarly, we can prove thatru ≤ d + rv.

An i-beaconu is calledimportantif and only if ∆/2i > ru. The following lemma is crucial:

Lemma 7.7. Letu andv be any two nodes, and letTv be the subtree ofT rooted atv. Then:
(a) the ballBu(ru/2) contains at mostkimp = δ−O(α) log2 n important nodes.

9In other words, we keep anj-beacon-link(u, v), u 6= s if and only if one of the (possibly) multiple labels ofu is somei < j.
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(b) if nodev is not important, then each node inTv lies inSv .

Proof. For part (a), consideri ∈ [log∆] such thatru/2 < ∆/2i ≤ ru and letr = ∆/2i. Suppose a
j-beaconw ∈ Bu(ru/2) is important. Then by Claim 7.6 we have

∆/2j > rv ≥ ru − dM(u, v) ≥ ru/2 ≥ ∆/2i+1,

soj ≤ i. By Definition 3.2 ballBu(r) contains at mostδ−O(α) log2 n nodes labeledj ≤ i. Part (a) proved.
For part (b), suppose ani-beaconv is not important. Thenr := ∆/2i ≤ ru. Any node inT is reachable

from s via aδ-telescoping path, so any nodew ∈ Tv is reachable fromv via aδ-telescoping path. It follows
thatdM(v, w) < 2 dM(v, v∗), where(v, v∗) ∈ T andw ∈ Tv∗ . Now since the link(v, v∗) is in T , it follows
that it was aj-beacon-link for somej > i, and thusdM(v, v∗) ≤ r/2. ThereforedM(v, w) ≤ r ≤ ru.

Recall from the proof sketch that we want to select disjoint setsS∗
u for all important nodesu. Call such

setS∗
u theposseof u.

For nodeu, let Nu be the set of all non-important nodes inBu(ru/8). The idea is that each important
nodeu selects its ”posse” fromNu. We need to show that not too many other important nodes may sample
from Nu. Since we bound the number of important nodes via Lemma 7.7, we need the following claim:

Claim 7.8. SetsNu andNv overlap only ifv ∈ Bu(ru/2).

Proof. If setsNu andNv overlap, thendM(u, v) ≤ (ru+rv)/8. From Claim 7.6 we haverv ≤ ru+dM(u, v).
Combining these two inequalities, we obtaindM(u, v) ≤ 2

7ru.

Now we can state our result on posse selection:

Lemma 7.9. Assumek is chosen so thatk = 2−cα (kimp + kT ) for a sufficiently large constantc. Suppose
each important nodeu picks3 kT nodes independently and uniformly at random (with repetitions) fromNu.
Then w.h.p. for each suchu there are at leastkT distinct nodes that are selected only byu.

Proof. Fix nodeu and letS ⊂ Nu be the set of nodes chosen byu. Note that by the growth-constrained
property for any constantc∗ there exists a constantc such that

N := |Bu(ru/8)| ≥ k/2O(α) ≥ c∗ (kimp + kT ).

It is well-known from elementary probability that for a sufficiently largec∗ with high probability setS
contains at least2kT distinct nodes.

Let K be the number of times any other important node samples fromNu. By Claim 7.8, at mostkimp

important nodes may sample fromNu, soK ≤ 3kT kimp. Each of theseK samples hitsS with probability
at most1/N . Let X be the expected total number of hits. ThenE(X) ≤ K/N , so by Chernoff bounds for
a sufficiently highc∗ with high probabilityX < kT .

From now on, we letk be as in the above claim.
For nodeu, letPu be the path from the root tou in T . Nodeu is calledT -importantif each node on this

path is important. If nodeu is notT -important, theleaderof u is the first node onPu that is notT -important.

(Step 3) Run thek-closest node discovery algorithm from Theorem 5.3. Thus each nodeu learnsSu andru,
and also whether it is important. Thenu contacts each node inBu(ru/4) and thus learnsNu. Finally,
via one broadcast from the root down the links ofT , each node learns whether it isT -important, and
(if it is not, then) which node is its leader.
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(Step 4) EachT -important nodeu picks3 kT nodes independently and uniformly at random (with repeti-
tions) fromNu, sends theyou-are-chosenmessage to each of these nodes, and waits for an answer.
When a non-T -important node receives theyou-are-chosenmessage, it repliesyesto the first such
message (ties broken arbitrarily), andno to all subsequent messages.

For eachT -important nodeu, letS∗
u be the set of nodes that answeredyesto itsyou-are-chosenmessage.

Note that by Lemma 7.9|S∗
u| ≥ kT with high probability.

The idea is that eachT -important nodeu coordinates the rewiring for all nodes inS∗
u. Intuitively, this

leaves out nodes that are notT -important and have not been selected in Step 4; call such nodesneglected.
To participate in the rewiring process, these nodes will (essentially) follow their respective leaders.

In order to implement this, each node needs to know whether it is neglected. Now, a non-T -important
node is neglected if and only if it has not received theyou-are-chosenmessage by the time Step 4 is over.
So, it needs to know when Step 4 is over!

This requires explicit synchronization, but, fortunately, this is easy to implement using treeT .

(Step 5) After eachT -important nodeu receives replies from all nodes chosen in Step 4, and receives the
donemessage from each important child inT , it sends thedonemessage to its parent inT . If u is the
root, it sends theall-donemessage down the treeT . After receiving this message, each node knows
that Step 4 is over.

Now each node knows whether it is neglected. Aneglected leaderis a neglected nodeu that is its own
leader (i.e. all nodes precedingu in pathPu are important). For such node, letS∗

u be the set of all neglected
nodes whose leader isu. This is how neglected nodes follow their respective leaders:

(Step 6) Each neglected nodeu contacts its leader, call itv. If v ∈ S∗
w for someT -important nodew, then

u is inserted into the setS∗
w. Else, nodev is aneglected leader, and nodeu is inserted into the setS∗

v .

Note that setS∗
u is well-defined if and only ifu is aT -important node or a neglected leader. Note that

(by a slight abuse of the notation) in Step 6 setsS∗
u for someT -important nodesu may have grown. Define

(by another abuse of the notation) thatu ∈ S∗
u wheneverS∗

u is well-defined. Then by construction the sets
S∗

u partitionV . Also, the following important property holds:

Claim 7.10. If S∗
u is well-defined, it is contained inBu(5

4ru).

Proof. Supposev ∈ S∗
u. Then eitherv ∈ Nu (and the claim holds), orv ∈ Tw for some neglected leader

w ∈ Nu. In the latter case,dM(w, v) ≤ rw by Lemma 7.7(b), andrw ≤ ru + dM(u, v) ≤ 9
8ru by Claim 7.6.

Therefore,
dM(u, v) ≤ dM(u, w) + dM(w, v) ≤ 1

8ru + 9
8ru = 5

4ru.

Now, finally, we are ready to do the actual rewiring. An edge(u, v) ∈ T is calledproper if and only if
u is T -important, andv is eitherT -important or a neglected leader. For simplicity, some of the links inT ∗

will be calledsuper-links.

(Step 7) If u is a T -important node or a neglected leader, it builds an arbitraryu-rooted balanced binary
tree onS∗

u, call it T ∗
u . Then eachT -important nodeu creates, for each proper link(u, v) ∈ T , a

super-linkto v from one of the leaves ofT ∗
u , in such a way that each leaf ofT ∗

u is incident to at most
2 super-links.

The edge-set of the rewired graphT ∗ is defined as the union all edges created in Step 7, i.e. the union of
all super-links and all treesT ∗

u . The way we set up our construction, it is relatively straightforward to show
thatT∗ is a directed tree.
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Claim 7.11. GraphT ∗ is a directed tree rooted ats.

Proof Sketch.It suffices to prove that each nodeu (a) is reachable froms, and (b) has exactly one in-link.
For part (a), there are three cases:u is T -important,u is a neglected leader, and neither. Ifu is T -

important, consider the pathPu, note that all nodes onPu areT -important, and use induction on the length
of Pu. If u is a neglected leader, then(w, u) ∈ T for someT -important nodew. We have already proved that
w is reachable froms in T ∗, and by constructionv is reachable fromw (via the treeT ∗

w and the corresponding
super-link tov). Finally, if u is neitherT -important nor a neglected leader, then by constructionu ∈ S∗

w ,
wherew is eitherT -important or a neglected leader. Again, we have already proved thatw is reachable from
s in T ∗, and by constructionv is reachable fromw (via the treeT ∗

w). This completes the proof of part (a).
For part (b), consider the same three cases. In the first two cases, there is a link(w, u) ∈ T which is

proper, and it is replaced by a unique super-link inT ∗. In the third case,u ∈ S∗
w for somew, sou has a

unique in-link inT ∗
w, and no more in-links inT ∗.

7.2 Bounding the stretch ofT ∗

Let us show that treeT ∗ has the desired low stretch. LetRM(l) be the radius of the smallest ball arounds

that contains at leastl nodes. LetP ∗
u is the path froms to u in T ∗. We state our bound on stretch as follows:

Lemma 7.12. Letr = RM(k (N/δ)α) for someN = O(logn)(logk). Then:
(a) if dM(s, u) ≥ r then pathP ∗

u has stretch1 + O(δ).
(b) if dM(s, u) < r then each node in pathP ∗

u lies inBs(2r).

Remark.In the above lemma,dM(s, u) ≥ r if and only if u is not among theks = k (N/δ)α closest nodes
to s. Moreover,|Bs(2r)| ≤ 2αks = (1

δ logn)O(α), which is as claimed in the theorem.

Our analysis is based on the following fact about growth-constrained metrics:

Lemma 7.13. For anyγ ∈ (0, 1) and any nodeu we haveru/γ ≤ dM(s, u) + RM(k γ−α).

Proof. Let d = dM(s, u) andr = RM(k γ−α). SinceBs(r) ⊂ Bu(d + r), for anyε > 0 we have

k γ−α ≤ |Bs(r)| ≤ |Bu(d + r)| ≤ |Bu(ru − ε)|
(

d + r

ru − ε

)α

≤ k

(
d + r

ru − ε

)α

,

so taking the limitε → 0 we obtainru ≤ γ(d + r).

Recall thatPu andP ∗
u is the paths froms to nodeu in treesT andT ∗, respectively. For a pathρ, let

dM(ρ) denote its length with respect to the metricdM.
Fix nodeu and letw be theT -important node or the neglected leader such thatu ∈ S∗

w. Consider the
pathP obtained by adding edge(w, u) to pathPu. PathP ∗

u is obtained by replacing each hop(v, v′) ∈ P

with a vv′-pathρv that goes through treeT ∗
v and (possibly) a super-link tov′. Since treeT ∗

v is balanced,
each path inT ∗

v has at mostdlogke hops, so pathP ∗
u has at mostO(logn)(logk) hops. So:

Claim 7.14. TreeT ∗ has depthN = O(logn)(logk).

Moreover, by Claim 7.10, each link inT ∗
v has length at mostO(rv). Therefore, for anyγ > 0 we have:

dM(ρv) − dM(v, v′) ≤ O(rv logk),

dM(P ∗
u ) − dM(Pw) ≤ O(logk)

∑

nodesv∈Pw

rv

≤ O(γ logk)
∑

nodesv∈Pw

(
RM(k γ−α) + dM(s, v)

)
(4)

≤ O(γN)
(
RM(k γ−α) + dM(s, w)

)
. (5)
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We used Lemma 7.13 to obtain (5). The last inequality (5) holds because by the properties of treeT , path
Pw is δ-telescoping. For the same reason we have

dM(Pw) ≤ (1 + O(δ)) dM(s, w). (6)

Now lettingγ = δ/N andr = RM(k γ−α), we have

dM(s, w)− dM(s, u) ≤ O(rw log k) ≤ O(γ log k)(r + dM(s, u)) (7)

Putting together (5), (6) and (7), we obtain the desired bound ond(P ∗
u):

d(P ∗
u) ≤ dM(Pw) + O(δ)(r + dM(s, w))

≤ (1 + O(δ)) dM(s, w) + O(δr)
≤ (1 + O(δ)) dM(s, u) + O(δr)
≤ (1 + O(δ)) dM(s, u) as long asdM(s, u) ≥ r. (8)

This proves Lemma 7.12(a).
Let us sketch the proof for Lemma 7.12(b). AssumedM(s, u) < r. Then by (7) we have

dM(s, w) ≤ dM(s, u) + O(δr) ≤ (1 + O(δ))r.

For any nodev ∈ Pw we have

dM(s, v) ≤ (1 + O(δ)) dM(s, w) ≤ (1 + O(δ)) r

rv ≤ γ(r + dM(s, v)) ≤ O(δr).

Now for any nodet ∈ P ∗
u there exists nodev ∈ Pw such thatt ∈ S∗

v . It follows that

dM(s, t) ≤ dM(s, v) + O(rv) ≤ (1 + O(δ)) r < 2r,

proving Lemma 7.12(b).

8 Low-stretch name-independent routing

We define a very simple name-independent routing scheme based on more general and more storage-efficient
schemes from [5, 4], and provide a distributed construction for it using the machinery from Section 3.

Theorem 8.1.Consider the setting of Theorem 3.3 and assume that every node has a distinct id. Then there
exists a randomized distributed algorithm that given anyδ > 0 w.h.p. constructs a(1 + δ)-stretch routing
scheme for these identifiers with routing tables of size(δ−α log n)O(1). In the routing scheme, a packet
header is just the destination id. The distributed running time is(δ−α log n)O(1).

For a parameterk ∈ N, let us define the name-independent routing schemeR(k) as follows. Each node
u has a distincttrue id xu; via universal hashing, we may assume without loss of generality thatxu takes
O(logn) bits. Each nodeu chooses adlog ne-bit virtual id x∗

u independently and uniformly at random. For
a given numberx ∈ [n], let Vi(x) be the set of all nodesu such thatx∗

u matchesx in the firsti bits. Let
C(i,u) andC∗

(i,u) be the sets ofk closest nodes tou among, respectively, the nodes inVi(xu) andVi(x∗
u). Let

`∗i (v) be the closest node tov among all nodesu ∈ V such thatx∗
u matchesx∗

v in the firsti bits but not in
the(i + 1)-st bit. The routing tables are defined as follows: for eachi ∈ [logn] and each nodeu ∈ V , node
u stores a link tò ∗

i (u), if such node exists, and moreover, each node inC(i,u) storesxu and a link tou.
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The routing proceeds viaprefix-matching. Specifically, on thei-th step the packet arrives at nodeu
whose virtual id matches the target true idxv in the firsti bits. If u has a link to the target, the packet is sent
there directly. Else, we proceed to stepi + 1, using (if necessary) the link to node`∗i (u) to match the next
bit. (If i = dlogne or the above-mentioned link does not exist, then the routing algorithm cannot proceed
andfails.) This completes the description ofR(k). The arguments in [5, 4] prove the following theorem:

Theorem 8.2 ([5, 4]).For somek0 = (δ−α log n)O(1) the routing schemeR(k) with high probability has a
property that routing never fails and has stretch1 + δ.

Let us outline the distributed construction ofR(k0). Say a metric has ak-relaxed grid dimensionα if the
growth-constrained property|Bu(2r)| ≤ 2α|Bu(r)| holds for all ballsBu(r) that contain at leastk nodes.
In fact, the constructions in Theorem 3.4 and Theorem 3.3 easily extend to this relaxed setting; the running
time increases by an additive factor of, respectively,2O(α)k and δ−O(α)k. To connect this observation
with the current section, note that for anyx ∈ [n] andi ∈ [logn], the induced metric(Vi(x), dM) has an
O(logn)-relaxed grid dimensionα with high probability. Indeed, the idea is to construct (via Theorem 3.3)
a δ-zooming directed graphGi(x) onVi(x) for eachx ∈ [n] andi ∈ [logn].

Suppose such graphsGi(x) are constructed. This immediately gives the linksl∗i (·) needed for the
routing schemeR(k0). Now every nodeu needs to disseminate its ”contact information” (its true node id
and ip-address) to all nodes inC(i,u). This is done in two phases. In the first phase, every nodeu uses the
prefix-matching routing algorithm to arrive, for every giveni, at a nearby nodev ∈ Vi(xu). When/if this
happens, nodeu is called ani-friend of v, and nodev records the contact information ofu. In the second
phase, in each setVi(x) the nodes disseminate information about theiri-friends. Specifically, every node in
Vi(x) disseminates information about itsi-friends to thek-closest nodes inVi(x), for somek = k0 2O(α). To
achieve this, the setVi(x) uses graphGi(x) to run ak-closest node discovery algorithm from Theorem 5.3.
We claim that the above algorithm disseminates the contact information of every nodeu to all nodes in
C(i,u). The proof of this claim is very similar to that of Theorem 8.2.

Now let us show how to construct the graphsGi(x). The idea is that on each node setVi(x) we construct
a degreeO(logn) expander graph, and then run a distinct instanceAi(x) of the algorithm in Theorem 3.3.
(Note that with high probability each node participates in onlyO(logn) such algorithm instances.) To
construct the desired expander graphs, we use Lemma 4.2.

We use Lemma 4.2 recursively as follows. We start with a degreeO(logn) expander on node setV and
use Lemma 4.2 onV so that each node acquiresΘ(logn) random out-links. Thus for eachx ∈ {0, 1} w.h.p.
each node has acquiresΘ(logn) random out-links inV1(x), so that the induced graph onVi(x) is a degree
O(logn) expander. We recurse onV1(0) andV1(1).

9 Conclusions and further directions

This paper considers constructions that combine several ingredients: (i) the setting: distributed construc-
tions in growth-constrained metrics, (ii) the notion of scalability: polylog inn, (iii) the type of guarantees:
(uniformly) low stretch, (iv) applications: distance labeling, routing, multicast, and (v) the common multi-
layer framework: rings of neighbors, low-stretch broadcast, etc. We believe that these ingredients fit each
other very well and allow for an elegant mathematical treatment. Therefore the high-level contribution of
this paper is bringing these ingredients together.

Our work here provides further evidence for the usefulness of the rings-of-neighbors framework. A
similar framework have been previously used in a system for locality-aware node selection presented in [35].
In future work we hope to incorporate some of the ideas from this paper into related systems projects.
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