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Tutorial description

This tutorial focuses on dynamic pricing under model uncertainty: a class of problems whose first instance
dates back at least 40 years, is relatively simple in structure, is widely considered fundamental, and has
numerous manifestations across multiple application domains and academic disciplines. While significant
progress has been made throughout the last several decades, including a flurry of recent work, many variants
of this problem class remain essentially unsolved. Briefly stated, the problem can be described as sequential
pricing when the underlying demand model (or demand curve) is unknown and the market response to
any given price is confounded by statistical noise. It will be helpful to hold in mind the following simple
problem instance. The decision maker (“seller”) faces demand for a product s/he is selling. At every
successive time unit the seller fixes a price for the product, subsequent to which demand is realized. The
demand realizations are “noisy” observations of an ambient demand curve which is unbeknownst to the
seller. The seller’s objective is to maximize expected cumulative (either discounted or not) profits over the
time horizon that governs the interactions with the buyers. This situation is a quintessential example of a
trade-off between exploration of the environment (to learn demand characteristics) and exploitation of that
knowledge (via pricing) to maximize expected rewards.
General background. In economics, probably the most influential and frequently cited work in this context
is [48]; see also [26, 1]. An infinite-horizon, time-discounted Bayesian formulation was employed, and the
authors focused on the following question: is it certain that a seller who follows an ex ante optimal policy will
eventually obtain complete information about the underlying demand environment? This question, termed
the learnability problem, was resolved in the negative in various settings. In [48] prices were restricted to
a finite set, and the setting was formulated as a multi-armed bandit problem (MAB); further connections to
the MAB literature will be expounded on later. The learnability problem has close ties with various current
strands of work in machine learning, adaptive control, and dynamical systems. Examples of further work in
the economics community includes [34, 35].
In operations research and management science (OR/MS), dynamic pricing is commonly studied under
the umbrella of “revenue management”, typically with capacity constraints: limited supply of goods to be
sold. In this context, [7] is among the first OR/MS papers to consider model uncertainty. They consider a
Bayesian model for consumer demand, with a single unknown parameter and conjugate priors, and rely on
dynamic programming methods; see [28] for a more recent paper of similar character. [14] depart from the
Bayesian formulations, treating both parametric model uncertainty and the case in which the demand model
need not belong to any parametric family. If sufficient restrictions are made on the problem primitives, it
may be possible, at least in the Bayesian formulation, to characterize the optimal policy via solution of the
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corresponding Bellman equation. More realistically, the papers in this strand of literature focus on deriving
near-optimal solutions; pricing policies whose performance can be guaranteed to be within some “distance”
of the optimum; see [15, 16, 17, 36, 20, 24, 53, 49, 18, 27, 46, 45] for recent contributions in this spirit.
Dynamic pricing under mode uncertainty has also attracted significant attention in computer science,
starting from [19, 39]. Focusing on prior-independent formulations, this line of work obtains successively
more and more general results [9, 10, 12, 13] in terms of inventory constraints and other aspects. It has
also considers a variant in which the decision maker is buying rather than selling [11, 50, 12, 13, 33]; this
variant is particularly relevant to pricing tasks in crowdsourcing markets, see [52] for more background.1
Further, dynamic pricing is one of the main applications for MAB problems with continuous action spaces,
e.g. [2, 38, 6, 41, 40, 42, 21, 47, 51]. One major theme in all this work (both on dynamic pricing and on
MAB) is adaptive exploration: adapting the exploration schedule over time depending on the observations,
so that the apparently suboptimal choices are gradually phased out. Also, as it is often useful to “discretize”
the action space – only focus on a small, finite subset thereof – another major issue is how to choose such
“discretization” in a principled way. The discretization can be either fixed in advance, or adaptive: refined
over time depending on the observations so as to zoom in on the more promising regions of the action space.
A brief map of the problem space. In the most basic formulation, a seller interacts with one customer
per round, and offers her a single item (at the chosen price). This version can be extended along several
“modeling dimensions”, some of which we outline below. First, the unlimited supply of goods [19, 39, 27,
20] may be restricted to hard supply constraints [14, 54, 10, 16, 12], which in turn can be relaxed to concave
constraints [8]. Second, rather than a single product there may be multiple products (e.g., [23, 37]), and
more generally production networks [46, 45, 16, 12] where a limited supply of some “primitive resources”
may be used to produce the goods. Third, in each round the seller may provide a single offer or a menu
of options to choose from, and each offer may contain multiple items (of identical or different products)
that are priced with volume- or bundle-based discounts or surcharges. Fourth, there is a wide spectrum that
lies between fully known and completely unknown demand model; model uncertainty may be parametric or
non-parametric. Fifth, demand may change over time, either in a completely adversarial way [39] or with
significant restrictions on the per-round change [51], the number of changes [15, 49], or the total change
over the time horizon [37]. Finally, each customer may come with a known context, such as a customer
profile or purchase history, and the seller’s actions may depend on this context [29, 51, 30, 13]. The last two
“dimensions” are closely related to, respectively, MAB with change over time (e.g. [5, 31, 51]), and MAB
with contexts (e.g. [5, 4, 32, 44, 25]).
Most of the above “modeling dimensions” carry over to the “buy rather than sell” version; here selling
multiple products corresponds to commissioning multiple types of tasks.
Open questions. This problem space is quite rich in open questions; we will outline some of them.
Some of the main “research frontiers” on the above map concern limited-supply dynamic pricing. First,
there is virtually no work that combines limited supply and change over time; it unclear how well performing
policies might look in that context. Second, fixed discretization is poorly understood for settings with
multiple products (not to mention computationally intensive) and adaptive discretization can be elusive
even for a single product. Third, it is unclear how to optimally incorporate contexts into pricing policies;
in this case a significant additional layer of complexity is that well-performing pricing policies may be
computationally intractable.
Other key open questions have a more descriptive flavor. An illustrative example of this variety is the
effect of model misspecification (true demand curve is not nested within the family of assumed demand
models), both on price dynamics and on the resulting revenue.2 A second question concerns the value of
1
2

While the “selling” and “buying” versions are technically different, some models subsume both versions [12, 13].
A particularly striking consequence of model misspecification, termed the “spiral down effect”, has been documented in [22].

2

side information (contexts) and, in particular, how this value is affected by the structure of the underlying
demand curve. Third, a long-standing open question concerns the celebrated conjecture of Anderson and
Taylor [3] on whether a myopic pricing policy (namely, one based on iterated least squares) is asymptotically
optimal. Despite a partial negative response by Lai and Robbins [43] in the context of MAB, this question
has not yet been resolved in a satisfactory manner for dynamic pricing.
Structure of the proposed tutorial. We cover in detail the basic version of the dynamic pricing under
model uncertainty, and use this version to show-case some of the major themes and techniques in this
problem space. We outline the various “modeling dimensions” described above, and highlight several key
results. Along the way, we emphasize the contributions and influences from different areas (economics,
OR/MS and computer science), and hint at connections to other areas such as adaptive control, dynamical
systems, and mechanism design. We conclude with some open questions.
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